We develop a complete description of the class of conformal relativistic dissipative fluids of divergence form, following the formalism described in [1] and [2]. This type of theories is fully described in terms of evolution variables whose dynamics is governed by total divergencetype conservation laws.
Introduction
Throughout a broad spectra of physics, relativistic fluids play a crucial role to describe the behavior of matter and energy. In astrophysics, they arise as a description of compact stars and accretion disks [3, 4, 5, 6] ; in particle physics they are called for describing quark-gluon plasmas produced in high energy collisions ( [7, 8] and [9] for a nice review); and in cosmology they play a crucial role in describing the radiation-dominated epoch in the early universe (see the book [10] and references therein). The understanding of its mathematical structure dates back to the early works of Lichnerowicz [11, 12] , who first proposed a relativistic theory of fluids in the late 60's, providing some results of existence and uniqueness of relevant solutions.
Physically, fluid dynamics can be derived as an effective description of interacting quantum fields when considering fluctuations that are of sufficiently long wavelength. This scheme requires a kinetic theory approach, providing the corresponding precise definitions and relations among thermodynamic variables [13, 14, 15, 16, 17] . The resulting equations govern the behavior of macroscopic properties of fluids in terms of a piecewise continuous density, velocity, and pressure, as well as relationships among them.
From a mathematical point of view, fluids are generally described by different families of evolution equations, depending on the type of phenomena one is interested in 1 . In the non-relativistic regime, for instance, perfect/(incompressible viscous) fluids are described by the so called Euler /(NavierStokes) equations respectively. While a relativistic version of Euler's equation is readily obtained, the inclusion of dissipative effects in relativistic regimes 2 is non trivial, and introduces several subtleties already at the formal level. The basic reason for this is that a Galilean description of fluids -that yields the Navier-Stokes equations, results in parabolic equations, as the diffusion equation. Its nature accounts for perturbations propagating at infinite speeds and thus cannot be accommodated into the causal structure imposed by relativity [19, 20, 21] . This is evident, for instance, in the early attempts of relativistic fluids due to Eckart and Landau-Lifschitz [22] , in which they considered as basic dynamical variables the four-velocity of the fluid, as well as some thermodynamical quantities. It became clear that a substantial enlargement of the system was needed in order to resolve the tension between phenomenological behavior -which favors a descriptionà la Navier-Stokes-and causality -which requires finite propagation speeds and so hyperbolic systems [23] .
As mentioned, a relativistic generalization of the hydrodynamic equations is not straightforward. There have been several proposals for suitable attempts, and all of them require accounting for new parameters beyond those encountered in the Navier-Stokes setting. In many cases, those parameters are difficult to estimate from available experiments, but also are thought to be mostly irrelevant in describing much of the phenomenology of interest. In particular, some attempts extend the set of dynamical variables to be the total stress-energy tensor of the fluid and the associated conserved particle number current. One of them, proposed by Liu, Müller and Ruggeri [24] , contemplates total divergence-type equations, which render the issues of hyperbolicity and causality more transparent, and was extended later on [25] . A few years later, Geroch and Lindblom [1] adopted this approach, but relaxing previously imposed symmetries (adopted without clear physical motivations, see [18] and [26] ).
In this work we extend this approach in order to characterize and analyze the initial value problem of the general class of relativistic conformal fluids. The description shall be centered in the determination of a generating function, i.e., a scalar field defined on the whole spacetime, that contains all the information of the fluid, considering dissipative effects up to second order. This generating function will be determined by imposing conformal invariance to the corresponding dynamical equations, and in particular, the second order contribution will be crucial in order to guarantee well posedness of the theory near equilibrium states.
Conformal fluids
As previously stated, one of the fundamental properties of relativistic fluid theories is that they represent the low energy limit of almost any quantum field theory. In particular, conformal field theories lead to conformal fluid theories at low energies [27] . This sort of fluids has the particular characteristic that they are conformally invariant; i.e., dynamical equations are invariant under conformal transformations of the spacetime metric (sometimes known as Weyl transformations). Though certainly the assumption of conformal symmetry restricts the type of fluids under consideration, it has been pointed out that in non-conformal fluids such symmetry might emerge in suitable regimes [28] .
Moreover, beyond the intrinsic importance of understanding the behavior of conformal fluids (and their message to non-conformal ones), they have recently been linked to an a priori separate branch of physics geometry. In-deed, the fluid/gravity correspondence [29, 30, 31, 32, 33] elucidated a direct relation between a class of (perturbed) black holes in asymptotically Anti de Sitter spacetimes in d + 1 dimensions and conformal relativistic hydrodynamics in d dimensions. For instance, for any solution to the conformal fluid equations, it is possible to construct a black-brane solution in one more dimension, allowing thus to explore a wide range of aspects of black hole structure and their stability in terms of the corresponding fluid dual theory -and vicerversa.
Overview, conventions and a notation list
This work is organized as follows. In section 2 we state some generalities regarding divergence-type fluid theories, as well as particularize to the case of conformal theories. This shall be the theoretical set up in which the work is framed. Section 3 is devoted to review conformal invariance, as well as introduce the notion of conformal weights. The next three sections contain one of the main results of the paper: a full characterization of conformal fluids in terms of a single scalar function including dissipative effects. In section 4 we discuss conformal perfect fluids and derive the equilibrium states of the theory, as well as sections 5 and 6 are dedicated to discuss in detail the contributions to the theory at first and second order in dissipation, respectively. In section 7 we study the initial value problem of the full theory (that is, up to second order in dissipation), using the algebraic tools for hyperbolicity provided by Friedrichs, Lax and Geroch. We state and show the main theorem about near equilibirum symmetric hyperbolicity of the full theory, which constitute the second main result of this work. Final comments and a general conclusion is displayed in section 8.
Throughout this work, we consider a time-oriented background spacetime M with arbitrary dimension, d. We will adopt the signature (−, +, +, +, · · · ) and denote spacetime indices with Latin lowercase letters a, b, · · · . Latin uppercase indices A, B, · · · and Greek lowercase indices α, β, · · · will be respectively reserved for the equations and dynamic fields vector spaces within Geroch's covariant formalism [34] . Finally, natural units G = c = k B = 1 will be assumed, where G is Newton's universal constant, c is the speed of light in vacuum and k B the Boltzmann's constant.
Definitions and notation
We present here a short list with some of the notation and definitions we shall use throughout this work (see Table 1 ). Of course, the same definitions shall be explicitly stated on each one of the sections in which they are used. Here we collect them in a unique list of definitions in terms of a pair or variables (ξ a , ξ ab ) that will be adequately introduced in section 2. Finally, indicies of all tensor fields on M are raised and lowered using the background metric.
In this section we give a brief review about divergence-type fluid theories within the framework of General Relativity. We follow closely the work by Geroch and Lindblom [1] , also referring to [18, 26, 23, 35, 36] where needed. We focus our analysis in the conformal case, for which we introduce further concepts and notation that simplify arriving at our main results.
One of the simplest but physically consistent theories of dissipative relativistic fluids that may have a well posed initial value formulation are those of divergence type, in which dynamical equations can be written as total divergence equations. The simplicity of those theories lies in the fact that they can be constructed from a single generating function (that is, a sufficiently smooth scalar field) and a dissipation-source tensor, both depending on the corresponding fluid variables. This sort of theories facilitates the understanding on how to describe dissipative fluids in the framework of General Relativity.
Let us consider a d-dimensional time-oriented background spacetime (M, g ab ). The starting point is the assumption that any fluid theory is made up by the following characteristics [1] :
(i) The dynamical variables of the theory are the energy-momentum tensor T ab [a (2,0) symmetric tensor field], and a four-vector field N a representing the particle number current density of the flow;
(ii) The evolution of these variables is governed by the set of first order partial differential equations:
Here, the (3, 0) tensor field A abc defined over M is symmetric and tracefree in the last two indices, and it is an algebraic function on the fluid variables. The tensor I ab is also symmetric and trace-free, and depends algebraically on the fluid variables as well.
(iii) There exists a vector field S a -also a local, algebraic function of the fluid variables-, and as a consequence of equations (2.1), (2.2) and (2.3), it satisfies the following inequality:
The first two equations (2.1) and (2.2) are respectively the familiar particle number and energy-momentum conservation laws for relativistic fluids. The third equation furnishes a description of the dissipative properties of the fluid, and provides "constitutive relations" for the theory. Notice that the symmetries of the dissipative tensor A abc implies that the number of equations equals the number of variables. Last, the inequality (2.4) suggests that S a has the meaning of entropy density of the fluid. In fact, by integrating both sides of inequality (2.4) over the volume V (Σ, Σ ′ ) limited by the spacelike hypersurfaces Σ, Σ ′ ⊂ M with Σ ′ in the future of Σ and applying Stokes theorem one gets
from which the quantity
is non-decreasing. Throughout this work, we shall concentrate on conformally invariant fluids, for which there is no particle number conservation. From a thermodynamical point of view, one may think that, as in the case of a photon gas, the chemical potential is zero, since the process of creating photons does not cost energy (see [37] for a detailed discussion). In fact, one should take the limit of the chemical potential tending to zero in order to connect a particle gas to a photon gas. On the other hand, recall that in the ultra-relativistic limit, particle rest energy density becomes irrelevant, and particles move at an energy scale much higher that the one they have at rest (thus, getting closer to photon dynamics). Henceforth, as custommary in this regime, we shall discard the conservation equation (2.1) and consider just (2.2) and (2.3) as dynamical equations of the fluid.
A key observation within this framework is the following: condition (iii) does not hold for all N a and T ab , but only for those that represent a thermodynamic process, that is, for those that satisfy the conservation equations. Thus, requiring the existence of such an entropy law, together with the symmetry of the energy-momentum tensor, implies the existence of new variables {ξ a , ξ ab } 3 and a generating function, χ(ξ a , ξ ab ) such that,
The existence of these variables come out as Lagrange multipliers of the equations of motion [1, 2] . Therefore, a single scalar function of the variables χ(ξ a , ξ ab ) suffices to formally describe the behavior of the fluid. We shall see that the tensor field ξ ab is associated with (and actually encodes) departures from a perfect fluid description. This is because when considering only perfect fluids, the dissipative equation (2.3) does not appear, so there is no associated Lagrange multiplier, namely ξ ab . It is natural then to consider the generating function χ as an expansion in terms of the dissipative scalar-type variables (i.e. scalar fields defined in terms of ξ ab ).
The most general function (up to second order in dissipative variables) that may be constructed in this scheme can be expressed as
where µ := ξ c ξ c is the square of the norm of ξ c , ν := ξ ab ξ a ξ b , and the second order scalars
The entropy current in this framework is determined by the generating function χ as [1] 10) and it satisfies
Consequently, entropy production in this framework is governed by the divergence of A abc and ξ ab . The latter also justifies our prior statement that ξ ab can be regarded as an intrinsically "dissipative" variable. In what follows, we will work order by order and construct the generating function χ as a linear combination of those order-contributions. We shall see that the requirement of conformal invariance has a significant effect in determining the possible different contributions. Before we present our findings, we discuss general consequences of conformal symmetry which will be useful throughout this work.
Conformal Invariance
In this section we review conformal transformations, and derive some algebraic properties for the dynamical variables that guarantee conformal invariance of the evolution equations. After a discussion of the general structure of some conformally invariant tensor fields we shall make use of, we introduce the notion of conformal weights, and scaling of some quantities of interest with the conformal factor. Recall that under a conformal transformation
the connection ∇ c changes as [38] 
when acting over a vector field X c . Here,
3)
over the points of M in which Ω = 0. We recall as well the identity C a ac = dn c .
Conformal invariance of the fluid equations imply the existence of two constants α, β such that they remain unaltered after a conformal transformation, i.e.,
Thus, for the energy-momentum tensor, a conformal transformation implieŝ
for alln a . Conformal invariance implies the last two terms of the right hand side must vanish, i.e.,
Contracting withn b and requiring the above equation holds for anyn a we get that both terms must cancel separately, yielding
Therefore, any trace-free energy momentum tensor transforming likê
under conformal transformations will have a conformal invariant conservation law. Let us turn now our attention to the constitutive relation tensor, A abc . A conformal transformation for its divergence implies,
As with the previous case, the second, third and fourth terms of the right hand side must vanish, i.e., for arbitraryn a ,
Contracting (3.10) withn bnc gives
for alln a . Since A abc is trace free in the last two indices, each term must vanish separately. Thus, β = −(d + 4), and A bca g bc = 0. Therefore, equation (3.10) reduces ton
for a totally trace-free tensor symmetric in the last two indices. Thus, A abc must transform asÂ
As a conclusion, we may say that under a transformation like (3.1), conformal invariance is guaranteed if T ab is trace-free and A abc satisfies the relation (3.12).
Conformal weights
Throughout this work, it will be important to keep track of the "conformal weights" different quantities have. To this end we define the conformal weight CW of an arbitrary quantity X as 14) whereX is the conformally related quantity via the transformation (3.1).
From our previous discussion we have that CW(T ab ) = d+2, and CW(
On the other hand, for the entropy production equation (2.11) to be conformally invariant we must have CW(S a ) = d. To see this, let γ 1 and γ 2 be scalars such thatŜ a = Ω γ 1 S a andσ = Ω γ 2 σ, where σ = −ξ ab I ab (see equation (2.11) ). By similar arguments to the ones given before, we get
for alln a . Requiring the left hand side of (3.15) to be equal toσ, we must have γ 1 = γ 2 = −d, from which we conclude that CW(S a ) = d. Now, it is possible to use our definition of S a (2.10) to assert that, by virtue of the conformal weights of T ab and A abc computed before, CW(ξ a ) = −2 and CW(ξ ab ) = −4. This, in turn, implies that CW(ξ a ) = CW(ξ ab ) = 0. Next, from the conformal weights of ξ a and ξ a we get CW(µ) = −2. Likewise, notice also that as a consequence of (2.10),
These relations, in particular, will help to uniquely determine the powers of µ in the different factors that will appear order by order through our analysis. In what follows, we derive expressions for the quantities T ab , A abc and constitutive relations order by order with respect to dissipative contributions [recall equation (2.8) ].
Perfect fluid and equilibrium states
In this section we give a detailed description of the theories of conformal fluids without dissipation. We will see that from these equations emerges directly the familiar perfect fluid structure of the energy-momentum tensor, with radiation equation of state. Next, following the guidelines of [1] , we shall give a first characterization of the equilibrium states of these theories, as well as we compute the entropy as a function of the fundamental variables, verifying that it is a conserved quantity in equilibrium.
We begin with the zeroth order in the expansion (2.8). To this order we get, from equation (2.6),
where the subindex µ denotes derivative with respect to µ, and from equation
Next, requiring the energy momentum tensor to be trace-free, we obtain the following condition for χ o :
The physically valid solution to this equation is
up to an irrelevant constant χ o o which, we shall see, does not contribute to the equations.
The solution thus obtained corresponds to a perfect fluid. To see this, let us assume that ξ a is time-like and introduce the vector field
Next, by introducing thermodynamical variables {ρ, p} generally defined as
it is straightforward that the expression (4.1) is equivalent to
via the identification
At this point, several observations should be pointed out.
• In order to make an identification like the one made above, it is not strictly necessary to assume that ξ a is time-like. Nevertheless, if the aim is to describe a perfect fluid with 4-velocity u a , a natural requirement is that it be.
• As expected, the stress-energy tensor we have already derived corresponds to a pure radiation perfect fluid, so the conformal invariance gives to this order a unique perfect fluid. In fact, a direct consequence of the trace-free equation (4.3) yields the corresponding state equation, namely
as it can be straightforwardly checked through (4.5).
• The positivity of the conformal density ρ is a consequence of the energy conditions demanded from T ab o . In fact, it is straightforward to check that if T ab o satisfies the dominant energy condition, and ξ a is time-like, then ρ ≥ 0.
• For each x ∈ M, the vector ξ a is an eigenvector of T a o b . Thus, if ξ a is assumed to be time-like, it spans the 1-dimensional time-like eigenspace of T a o b , and u a is the so-called "Landau frame" (see, for instance, [36] ).
• Introducing the quantity
so that u a = T ξ a , and using the explicit solution (4.4) for the generating function, we see that both energy density and pressure scale as T d . Also, it is straightforward that CW(T ) = 1 (see section 3.1 above). We shall identify this quantity with the temperature of the fluid. In this context, the notion of temperature captured in (4.9) has been extensively studied in the past, in order to characterize thermal equilibrium states of gravitating systems. In particular, we highlight Tolman's work [39] , wherein a expression like (4.9) is derived for static spacetimes.
We can also derive further useful relations at this order. The conservation equation, projected along the fluid's velocity, u a ∇ b T ab = 0, implies
On the other hand, the projection on the orthogonal plane with respect to the fluid velocity yields
where
is the derivative of the hypersurface orthogonal to the integral lines of u a . It is useful to also obtain related expressions in terms of ξ a . In fact, taking the divergence of the full expression (4.1), namely
where we have defined,
from which it follows the identity
Now, contracting equation (4.12) with ξ b , one obtains
Last, replacing the above relation in the conservation equation (4.12), one gets
which implies the identityξ
Entropy density contribution
Let us compute the entropy current at this order. Following the definition given in equation (2.10), we get
For the divergence we get
by virtue of relation (4.15). Thus, there is no change of entropy to this non-dissipative order, as expected.
Equilibrium states
In this section we discuss the equilibrium states of this theory. In line with the arguments of Geroch and Lindblom [1, 18] , these states must have the same properties as those of Eckart theory; that is, a rigid flow and a constant and stable temperature field. They refer to equilibrium states those solution of fluid equations in which dynamics is time reversible. With simple algebraic arguments, the authors prove that those states have the following properties: the source tensor I ab evaluated on equilibrium states is zero; there is no entropy production and the vector field ξ a is a Killing vector field. We now give a first argument to assert that equilibrium states for conformal dissipative relativistic theories are those such that ξ a is a conformal Killing vector field. Recall that, in general, X a is a conformal Killing vector field if there exists a scalar field α such that [38] ∇ (a X b) = αg ab .
If this relation holds for some α, contraction with g ab over both sides of it
To see the nature of ξ a , let us compute the symmetrized derivative of it, which is a symmetric tensor of rank (0, 2). The unique symmetric tensor fields that can be constructed in terms of ξ a and the spacetime metric are the metric itself, and ξ a ξ b . So it is natural to propose that
with t, s functions of µ and the dimension, to be determined. Contraction of (4.21) with g ab gives D = td + sµ, while its contraction with ξ a ξ b yields now the relatioṅ
Recalling the identities (4.14) and (4.15), the above two relations imply t = D/d and s = 0, so ξ a is a Killing vector field. Thus, equilibrium states in these theories are those such that ξ ab = 0 (that trivially holds in this case) and ξ a is a conformal Killing vector field.
First order theory
In this section we give a description of the first order contribution, which stems from adding linear dissipative-like terms to the dynamical variables. This is a better approximation for describing fluids when microscopic timescales are comparable with the macroscopic ones, since the local thermodynamic equilibrium breaks down (e.g. [36] ). At this order, we shall find the four-velocity-orthogonal heat flux, deriving a Fourier-like equation, as well as the corresponding shear viscosity to the stress-energy tensor. We next compute the entropy current and include a discussion about the Landau frame at this order, from which we shall see that energy dissipation and, thus, entropy production, plays a central role.
Following the orthonormal decomposition discussed in Appendix A, it is convenient to decompose the dissipative variable ξ ab as,
where we have introduced the quantities
with the straightforward conditions
Notice that the unique vector fields that can be constructed as algebraic functions of the variables (ξ a , ξ ab ) and the metric g ab , which are (at most) linear in ξ ab are ξ a := g ab ξ b and ℓ a := ξ ab ξ a . In particular, if ξ a is time-like, then r a is always spatial and orthogonal to ξ a . We shall make use of this decomposition below to uncover the constitutive relations at this order.
The contribution to the generating function at first order is
where χ 1 is an arbitrary function of µ, and ν := ξ ab ξ a ξ b is the unique (non trivial) scalar which is linear in ξ ab and is an algebraic function of the variables (ξ a , ξ ab ) and the metric. The corresponding contributions of the stress energy tensor and the constitutive tensor that arise from χ (1) (µ, ν) are, respectively,
Now, let us impose the conformal invariance requierements to those expressions. Trace-free condition for (5.5) implies the following two equations,
The second one was expected, since ξ ab is trace-free by construction. The former is satisfied if and only if
with real constants χ in terms of a single function, χ
1 . Indeed, we get
(5.11) and
where we have introduced, one more time, the normalized time-like vector field is trace-free in all entries (recall discussion around equation (3.12)), and it can be expressed in the form given in equation (A.7) of Appendix A by choosing V a = ξ a and
Also, by imposing (3.12) to (5.6) we obtain again the first integral (5.10).
On the other hand, we can compute explicitly the divergence of A abc 1 , that will be used later on. Indeed, we get
To find out physical quantities and constitutive fluid relations, let us now use the decomposition (5.1) to re-express T in order to discuss some consequences. We begin with T 1 ab , for which we get
Recalling relation (5.13), one can easily deduce that the first order "corrections" to density and pressure are, 17) where the definitions (4.5) have been used and, as expected, there is no change in the resulting equation of state, i.e.,
where ρ 0 and p 0 are the zeroth order contributions found earlier. Moreover, from the dominant energy condition for the full T ab , ρ > 0.
Heat flux and a Fourier-like equation
In non relativistic frameworks, one usually introduces the notion of heat flux in the corresponding co-moving frame as a spatial vector q that measures the rate of energy flow per unit area at each point of the space. The corresponding heat equation is a consequence of the first and second law of Thermodynamics, plus the well known Fourier equation [22] 19) with k the thermal diffusivity and T the temperature. As discussed in the introduction, a generalization of these ideas within a relativistic framework is not straightforward for several reasons [40] . In particular, equation (5.19) leads to the following parabolic equation for T :
where a is a positive constant and ∇ 2 is the Laplace operator. While this equation possesses a well posed initial value problem (see a discussion in the textbook [41] ), its nature provides no bound for the speed of propagation of thermal disturbances 4 , thus making difficult its identification in the relativistic regime.
Nonetheless, given a theory of relativistic fluids with energy-momentum tensor T ab , it is possible introduce the notion of heat flux in the co-moving frame u a , as the projection of the energy flux onto the hypersurface that is orthogonal to u a , namely
which satisfies a constitutive relation of the form (see, for instance, [22] )
In accordance with expression (5.16), we identify the heat flux as
We shall now derive a constitutive relation for (5.22) like the one in (5.21) as a direct consequence of the constitutive equation (2.3) stated before. To this end, and recalling the orthonormal decomposition discussed in Appendix A, introduce the most general form for the tensor I ab that is trace-free and positive definite when contracting with a non-zero ξ ab ; namely,
with {κ, γ} positive functions of µ to be fixed and requiring I ab to have conformal weight d. We get 24) which is a positive function if κ and γ are positive, since r a is space-like, and τ ab τ ab ≥ 0 (since τ ab is a purely spatial tensor field). Also, we have used that the trace of τ ab can be directly obtained using decomposition (5.1), namely τ = −ν/µ. Taking into account the decomposition performed in (5.23), equation (2.3) implies that
Now, notice that (5.25) can be expressed in a more suitable form. Indeed, the identity (4.12) implies that
where we have used the general solution for χ o (µ) obtained in the previous section (equation (4.4) . Notice that relation (5.26) is off-shell, i.e., it is a geometric identity that always holds, without assuming equations of motion. With this information, equation (5.25) reads
The above equation has a clear physical interpretation: the departure of these states from the equilibrium ones, carries away energy in form of "heat flux". In particular, equilibrium states satisfy r a = 0, but this is not the general case.
Recalling expression (5.25) once more, it is possible to derive an analog of the Fourier law for first order dissipative fluids. In fact, by the identification indicated earlier, T 2 ≡ −µ −1 , we see that
and equation (5.25) implies the vector field r a satisfies,
wich implies (via (5.22)) the following equation for q a :
Clearly, equation (5.28) suggests interpreting q a as a current energy density that is non-zero in general, and satisfies a Fourier-like transport equation (for references, see [22, 42] ). In particular, the variable transport coefficient K is always positive, due to the positivity condition for the function κ discussed in (5.24) .
Finally, a comment on the second term of the right hand side of equation (5.28) that could help us to further characterize the equilibrium states. Introducing the vector a c := u a ∇ a u c ,
and following the discussion of Landau and Lifshitz (chapter XV, section 126 of [22] ), we have that, in equilibrium, the projection of the energy-momentum conservation equation onto the hypersurface that is orthogonal to u a gives,
On the other hand, a straightforward calculation gets
from which the Fourier Law (5.28) results,
Since in equilibrium we have q a = 0, the above equation yields
in complete agreement with Landau's argument at the end of the chapter.
Entropy density contribution
According to this formalism, the first order contribution of the entropy current density S a is given by
where χ (1) (µ, ν) = χ 1 (µ)ν. Explicitly, each term is given by
so the first order contribution to the entropy is
The above expression agrees with standard results, [43] . In fact, by using our definition for heat flux presented in (5.27), and recalling the definitions
as well as relations (5.17) we get
where the entropy density s 1 up to this order is given by
Note that, as expected,
From equation (2.11) and expression (5.24) the full entropy density satisfies
which implies the system creates entropy through shear and heat flux. This result is in agreement with the standard results (e.g. [36] ).
Shear viscosity
Returning now to expression (5.15) and recalling equation (2.3) as well as the decomposition (5.23), we see that
with trace
where we have used the fact that ∇ a u a = D a u a , since u b ∇ a u b = 0. The traceless part of τ ab is thus given bỹ
We recognize in the above expression thatτ ab is proportional to the shear
of a dissipative fluid with velocity u c ; namely,
Now, let us check the resulting conformal weight orders of the different terms involved. Notice the right hand side of equation (5.37) implies −τ ab /γ has conformal weight (2 + d) − 1 − 1 = d, as desired. Recall also that, in a gradient expansion sense, the first order of the stress energy tensor, i.e. in terms of only first derivatives, is given by
while in the standard treatment in the literature (see, for instance, [44, 45] ) has this order defined as T
(1)
we arrive at the same result.
Landau frame at first order
In this section we compute the Landau frame at first order, that is, considering only terms that are up to first order in the dissipative tensor ξ ab . To this order, we have:
with
and
To identify the Landau frame, we look for a time-like vector field U a such that U a U a = −1 and
for some real λ. We propose the ansatz
with α and β some real functions to be determined. Contracting with the two contributions to the stress energy tensor we get, 
The above equality yields
as expected, since it is the eigenvalue of the unique time-like eigenvector of the full T ab at this order. The remaining equation yields
Since U a is time-like and unitary,
from which we get, to first order, that α = 1/ √ −µ (we discard the negative solution for α so that U a has the same orientation as ξ a ). The explicit value of β can be obtained from the relation (5.47). Thus, the heat flux defined as the component of T a b U b that is orthogonal to U a is obviously zero, but nevertheless, the corresponding component of S a that is orthogonal to U a is actually non-vanishing, for which there is always a way in which thermal energy is going away.
Second order theory
In this section we tackle the second order contribution, characterizing in a complete way the class of conformal second order dissipative fluid theories. Accounting for this order is important as it will be crucial to establish symmetric hyperbolicity of the underlying system and thus allowing for well posedness of relevant problems. The hyperbolicity analysis will be carried out in the next section using the second order results derived next. To compute the second order quantities, we make use of a number of useful expressions detailed in appendix B. Recall that strictly at second order we have
thus,
where, for i = 1, 2, 3,
. The corresponding trace is composed of three contributions, namely
Since the three scalars ψ i are independent, the trace-free condition provides now three independent equations, namely where,
To express the constitutive tensor A abc 2
we first write it as,
By using the identities detailed in appendix B we arrive at,
Now, let us assess the conditions imposed by conformal invariance. For such analysis, we find it convenient to make use of equations (A.10, A.11, A.12) which allow us to write the more general tensor field of rank (3, 0) symmetric in the last two indices that depends algebraically on the metric and the variables (ξ a , ξ ab ) up to quadratic terms in ξ ab . With this, we then impose that the coefficients satisfy the conformal invariance condition. Specifically, we can express:
Inspection of equation (6.10) (6.12)
The conditions so derived are compatible with equations (6.6), (6.7) and (6.8), which now become a decoupled system of ordinary second order equations for the unknowns χ is trace-free in all entries. Also, from the above relations we get
Second order contribution to stress-energy tensor
We begin by noticing that the unique solutions to equations (6.14), (6.15) and (6.16), subject to the conformal invariance requirements (6.11) and (6.12) are
with χ 18) and using the solutions (6.17), a straightforward calculation shows that the generating function (6.1) can be expressed as
Thus, using these expressions it is possible to write the second order contribution of the stress-energy tensor in the following form:
and ℓ 2 := g ab ℓ a ℓ b . So that nothing depends on the additive constant χ 2 1o , and thus we can set it to zero. With these definitions, it is straightforward to verify that
which, as expected, imply that
Let us now inspect what information this second order contribution of the energy-momentum tensor can give us. For that, let us express it in a more suitable form. First, it is possible to decompose the tensor X ab in the form 22) with Y ab = Y (ab) and Y ab ξ a = 0. In fact, we get
With a relation like (6.22), we get
ab , (6.24) where, as before, we have denoted byỸ ab the traceless part of Y ab . In a similar way to the previous orders, we get the second order contributions of density and presure of the fluid, namely, 
Constitutive relations up to second order
We now present the most general constitutive equation that arises from (2.3) at second order. This equation may be used to derive constitutive relations like the one found in (5.28). Nevertheless, and for future usage, we shall only write down the corresponding contribution at this order, as well as for a complete presentation of the theory considering second order contributions. Using the conformally invariant solutions (6.17), the second order contribution to the constitutive tensor A abc 2 in equation (6.10) reads
After a tedious but rather straightforward calculation, the covariant derivative of A abc is
, and G and G bc are given by
In complete analogy with the way we proceeded to first order, contraction with ξ c and projection onto the perpendicular space in the remainding index leads to the identity
In this case, the constitutive relations should follow by proposing the most general source tensor I bc up to second order in dissipative variables, which may be constructed only as an algebraic function of the fields ξ a , r a , τ ab and g ab . In fact, referring once again to the discussion presented in Appendix A, it can be easily shown that such a tensor has the following form:
It is important to remark that (6.29) is already the full and more general source tensor for the (full) constitutive equation, that reads 30) without further assumptions of form. The functions I j (j = 0, 1, · · · , 6) should be fixed in such a way that I bc is trace-free and the entropy production σ = −ξ ab I ab satisfies the inequality σ ≥ 0. Also, and in complete analogy with the first order theory, there is an additional requirement for the coefficients, which is related to the global conformal weight of the full constitutive equation (2.3). Since each one of the contribution terms appearing in (6.29) must have the same conformal weight, as well as it must be equal to the conformal weight of the left hand side terms of (2.3), the full constitutive equation (6.30) with I bc given by (6.29) is sensible in so far that the functions I j have the appropriate conformal weights. This implies that in order to obtain plausible constitutive relations, one should make sure that each one of the terms has the same conformal weight, and thus, each I j might have different conformal weights a priori so that, upon multiplication with the corresponding factors, give the right (and same) conformal weight.
The issue of finding which transport coefficients emerge from this theory is not direct a priori, since it requires a detailed analysis of each one of the terms that contributes to the divergence of A abc . Unlike the first order theory -in which it was possible to obtain the shear transport coefficient just by comparing the shear tensor with the transverse traceless part of the energy-momentum tensor-, a quite different strategy at second order seems to be needed. The coefficients obtained may be compared, for instance, with the ones already derived from the gravity side, via the fluid/gravity correspondence (for references, see [29, 44] ). Obtaining specific expressions for these contributions is however outside the scope of the present work.
Entropy density contribution
In analogy with the zeroth and first order contributions of the theory, it is possible to compute the second order correction of the total entropy density. We have
Let us compute each of the terms that contribute to S a 2 . At this point, it is convenient to introduce the functional
and the vector field
Using relations (6.1), (6.17), (6.24) and (6.26), we get simple expressions for the desired contributions, namely
Finally, the second order contribution to the total entropy density is given by
It is possible to compare the above expression with the results found by Hiscock and Lindblom [43] . In fact, recalling the orthonormal trace-free decomposition for ξ ab given in (A.6), and relations (6.17) one gets 33) which can be written as 34) with the straightforward identifications
in which relations and definitions (5.17), (5.9) and (5.22) were used for p 1 , χ 1 and q a respectively. Moreover, the coefficients β o , β 1 , β 2 and α o , α 1 emerge by comparing (6.33) and (6.34), yielding
These coefficients essentially model all dissipative contributions to the entropy at this order (scalar, vector and tensor ones), as well as couplings between viscosity effects and heat fluxes [36] . We find it important to stress out that, as a consequence of the conformal invariance requirement, they are not independent.
7 Well posedness of the full second order theory
The issue of stability and causality in relativistic fluid theories is a crucial aspect that has been the subject of intense scrutiny in the past (e.g. [1, 18, 46, 47, 15] ). It is well known that the Landau-Eckart theories have an ill-posed initial value formulation, as well as that thermal fluctuations propagate in an non-causal way (more specifically, the linearized modes grow linearly with the frequency). Generally, the concepts of stability, causality and hyperbolicity are independent (for instance, Navier-Stokes equations are stable, but noncausal), and there may be weakly hyperbolic systems that are causal, but not stable.
Here we study the hyperbolicity of the full theory developed along this work; i.e., considering second order contributions of dissipative effects 5 . We start by briefly reviewing symmetric hyperbolic systems, introducing definitions and some key results we shall make use of. We follow the works [48, 49, 34, 26, 18] . After that, we show it is possible to choose the arbitrary constant χ 2 1o in the generating function at second order, χ 2 , to ensure the system results hyperbolic, and we prove that the full theory up to second order is symmetric hyperbolic near equilibrium states. This implies that the corresponding initial value problem is locally well posed.
Hyperbolicity
As discussed in the previous sections, dissipative relativistic fluids are completely determined by giving a single scalar function χ that depends smoothly on the variables (ξ a , ξ ab ), and a dissipation-source tensor field I ab which is an algebraic function of those variables and the spacetime metric, and stores the net entropy production of the system. In order to see more clearly the structure of the dynamical equations, it is useful to introduce a collective abstract variable in the following way. Let V be the linear space of all fields of the form
where V a and S ab are, respectively, a vector field and a symmetric and traceless tensor field, both defined on M. Here, capital indices stand for the whole set of tensor indices within this collection. Within this abstract vector space we shall study the hyperbolicity of the theory. Let us start with the following
, where ξ a and ξ ab are solutions to the conservation equations (2.2) and (2.3). We shall denote by V F the set of all fluids states. This is a concept that has already appeared in section 4. From this, it is possible to re-express the set of dynamical equations (2.2) and (2.3) as the first order system given by 
Recall that a general quadratic form h AB (t) is positive definite if the contraction h AB (t)X
A X B is positive for any X A ∈ V (that is, not only for fluid states). The hyperbolicity condition guarantees that (7.2) has a well posed initial value formulation [48] .
Symmetric hyperbolicity of the conformal fluid theories
In this section we prove a fundamental theorem about well posedness for these type of conformal fluids, which is one of the main results of this work. Specifically, we show that there exists a symmetrizer for the full theory, and it turns out that it is positive definite in an open subset of fluid states around an equilibrium one. Following Friedrichs-Lax argument regarding hyperbolicity of first order systems [49, 48] , we conclude that there exists a well posed initial value problem for these theories around equilibrium states. We now state the main theorem: We first assert that the upper diagonal block of o hAB is positive, since it is the expression of the corresponding hyperbolizer of the perfect fluid theory, which is a symmetric-hyperbolic theory, stable and causal. This is so because the corresponding equation of state is that of a pure radiation fluid, which already satisfies the requirements for the system to be symmetric hyperbolic (see, for instance, [34] ). Thus, if we find that the lower diagonal block is positive as well, then we can make the whole matrix to be positive definite, just by choosing χ is the free parameter in the solutions (6.17) . It is important to stress here the inclusion of second order dissipative effects; otherwise the lower diagonal block would be zero and it would be rather impossible to satisfy the soughtafter condition. Let us study, therefore, the lower diagonal block 6 . We find it useful to introduce the second order weighted scalars 5) where ψ i are the three main scalars introduced in the second order theory. These scalars do not depend on the norm of ξ a , namely µ, from which they satisfy
With those scalars, the second order generating function (6.1) can be reexpressed as
Thus,
recalling property (7.6). Now, using the relation between the second order contributions χ 2 j found in (6.11), (6.14), (6.16) and (6.17), we can express everything in terms of χ 2 1 and get
Notice that the lower diagonal block we need it to be positive definite is indeed the Hessian matrix of
Thus, symmetric hyperbolicity would follow if we could show this function has a definite sign, so that it Hessian has definite sign as well. This convexity condition already appeared in a very nice work by Lax and Friedrichs [49] , in which they show that general conservation laws which admit a convex extension are symmetric hyperbolic. Here we shall prove that this is already the case, by showing that the functional
is positive definite for all values of ξ ab . As mentioned, choosing a large enough value for the constant χ 2 1o (with the appropriate sign) one ensures the desired positivity condition is satisfied. In order to see that F [ψ 1 ,ψ 2 ,ψ 3 ] is positive definite, we consider the decomposition of ξ ab given in (A.13), and express any linear combination of the scalarsψ i as a real linear combination of quadratic (and therefore positive) quantities, namely that the equality
holds for all α, β, γ. In particular, by choosing the linear combination that defines the functional F ; i.e.,
which is always positive. This concludes the proof.
Concluding remarks
In this work we fully characterized the class of conformal dissipative relativistic fluids in arbitrary dimensions, considering dissipative effects up to second order. The dynamical variable is the energy-momentum tensor associated with the fluid, and no conservation of particle numer density is required. We followed the formalism of divergence-type theories due to R. Geroch, L. Lindblom and Pennisi [1, 2] from which it is possible to characterize a fluid theory solely by prescribing a generating scalar function and the corresponding dissipation source. Of course, one may wonder what happens if the divergence-type nature of the dynamical equations is relaxed, and instead of that, allow for more general equations; namely, equations which do not represent conservations laws. Certainly this can be done, and perhaps there would be many more available theories with intriguing properties. Nevertheless, one drawback of such enterprise is the difficulty to describe shocks effects, i.e., solutions which starting with smooth initial data produce discontinuities at finite evolution time. Unfortunately we can only make sense of this solutions when their equations represent conservations laws, that is divergence-type theories [18] . In the present case of conformal dissipative fluids up to second order, we found a unique three-parameter family of scalar functions that generate the whole class. We studied the equilibrium states of these theories, and showed that they are in one-to-one correspondence with the conformal Killing vector fields of the background metric.
At first order in dissipation, we recovered the standard expressions. Without assuming any preferred frame (e.g. the Landau or Eckart ones), we found both heat flux (interpreted it as the failure of a fluid solution to be in equilibrium) and shear tensor to be non-vanishing. Moreover, even if they start vanishing at the initial time, they are in general generated during evolution. We derived a Fourier-like equation for the heat flux, as a consequence of imposing the constitutive equations at the corresponding order. Additionally, We also found the expected relation between the part of the energy momentum tensor that is completely perpendicular to the four-velocity of the fluid and the corresponding shear.
Finally, we studied the initial value problem of these theories and the issue of hyperbolicity. Given that the second order contribution to the theory is fixed up to a constant parameter, it is by no means trivial that the theory would end up being hyperbolic. We found however that by chosing it large enough, the theory does turn out to be symmetric-hyperbolic near equilibrium solutions, which directly implies that it has a locally well-posed initial value problem.
Looking ahead, there certainly remain some aspects to develop further. One of them is related to the understanding on how the different transport coefficients at second order emerge from the corresponding constitutive equation in these theories, without assuming any preferred frame. One other point, which is most intriguing, arises through the fluid/gravity correspondence. Since there is a one-to-one correspondence between conformal fluids and particular geometries -which are solutions to Einstein's field equationsand that we have seen conformal fluids can be characterized by a single generating scalar function, to what extent can geometries admit a scalar characterization?
A On symmetric traceless tensor decompositions
In this appendix we discuss some properties and decomposition of second and third rank tensor fields with the symmetries of T ab and A abc used to describe fluid theories. In particular, we show the orthonormal decomposition of second rank symmetric traceless tensor fields we use throughout this work.
A.1 Second rank tensor fields
We start with second rank tensor fields. Let S ab be a symmetric traceless tensor field, and V a a vector field with V c V c = 0. Then, there always exist a scalar function α, a vector field R a and a symmetric tensor field P ab satisfying R a V a = 0, P ab V b = 0, P ab g ab = 0 (A.1)
such that
In fact, contracting (A.2) with V a V b we get
from which
Now, contracting (A.2) with V b we obtain
from which we directly get
Notice that R a V a = 0 as assumed. Finally, the desired tensor P ab is given by
Indeed, it is straightforward that P ab V b = 0 and P ab g ab = 0 since S ab is traceless by hypothesis. Decomposition (A.2) is used along this work, by choosing S ab = ξ ab and V a = ξ a , namely 
A.2 Third rank tensor fields
Let S ab be any symmetric tensor field, and V a a vector field. After some inspection, it is possible to assert that the most general tensor A abc with the requiring properties for it to be a constitutive tensor field for a fluid theory (i.e., satisfying condition (3.12)) must be of the form In the context of this work, since we make use of some relevant variables (ξ a , ξ ab ), tensors V a and S ab are to be expressed as algebraic functions of them, at each order. Let us inspect the possibilities that arise at each order. Since at non-dissipative orders ξ ab = 0, we can only construct such tensors in terms of ξ a and g ab , namely,
where S o is a constant that should be fixed depending on the dissipation order. Indeed, for perfect fluids one should take S o = 0, while for first order theories, S o = 1 as pointed out in equation (5.14) of section 5. For the next order piece, there are three possible terms which are at most linear en the dissipative variables ξ ab . In fact, and recalling the dissipative vector ℓ a := ξ ab ξ b introduced before, those terms are found to be B Useful expressions for...
In this appendix we state the main identities needed to do the calculations for the different tensor fields to second order in dissipation. We recall that, when taking derivatives to symmetric and traceless tensor fields, we substract the trace of the corresponding result, obtaining by this way just the symmetric and traceless part of the corresponding derivative field. 
